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Numerical Investigation of Shock-Reflection Phenomena
in Overexpanded Supersonic Jets
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A. N. Kudryavtsev' and M. S. Ivanov*
Institute of Theoretical and Applied Mechanics, 630090, Novosibirsk, Russia

The transition from regular to Mach reflection in a supersonic planar jet operating under overexpanded condi-
tions has been studied numerically. First, inviscid computations are performed by the solution of Euler equations.
The results demonstrate that a hysteresis phenomenon is observed as the jet/ambient pressure ratio decreases and
increases, causing a change in the angle of incidence of the nozzle-lip shock and, as a consequence, the transition
from regular to Mach reflection and back. The angles of forward and backward transitions are close to the the-
oretical detachment and von Neumann criteria, respectively. Furthermore, turbulent computations (by the use
of an improved two-equation model) are conducted to investigate the transition in a more realistic situation. The
computations confirm the existence of the hysteresis and give the transition angles in very good agreement with
both the theoretical criteria and the results of inviscid simulations. It appears that turbulence production is mainly
concentrated in thin shear layers developing along the jet boundary, as well as the Mach stem slip streams, whereas
the jet-core near field is characterized by a predominantly inviscid shock-cell structure. These observations justify
the inviscid simulations when shock-wave reflection in the near field of supersonic jets is studied.
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Subscripts

a = ambient conditions
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reservoir conditions
turbulent values

- = Reynolds-averaged quantities
~ = Favre-averaged quantities
" = fluctuations of Favre-averaged quantities

Introduction

HE aerodynamic study of supersonic jets exhausting from

convergent—divergent nozzles is one of the most challenging
problems in space and aeronautical applications. Various physical
phenomena involved in this fluid dynamics problem are directly
linked to the performance of jet engines. Though off-design op-
erations with either overexpanded or underexpanded exhaust flow
induce performance losses, in many cases such regimes cannot be
avoided. The imperfect matching between the ambient pressure and
the exit-nozzle pressure leads to the formation of a complicated
shock wave structure. The flow gradually adapts to the ambient con-
ditions as it passes through the system of shock waves. For several
decades,' numerous investigations of the structure of supersonic jets
have been undertaken, but the subject is quite complicated and not
yet clearly understood.

In recent years, important progress has been achieved in under-
standing fundamental aspects of shock/shock interactions with an
emphasis on the transition between regular and Mach reflections.
It was revealed, both numerically? and experimentally,’ that such a
transition is accompanied by a hysteresis. Namely, if the incidence
angle of the shock wave varies, the transition from regular to Mach
reflection and back is observed at different angles, as was earlier
conjectured by Hornung et al.*

Some typical configurations where the transition between regular
and Mach reflections is observed are shown in Fig. 1 for the incident
shock (IS), the reflected shock (RS), the jet boundary (JB), the Mach
stem (MS), the slipstream surface (SS), and the expansion fan (EF),
respectively. The flow around two symmetrical wedges (Fig. 1a)
has been used in most experimental studies on shock wave reflection
transition in steady flows. The flow in a channel with aramp (Fig. 1b)
can be considered a prototype of flows in real supersonic inlets. For
both of these flows, it is well documented now™° that in numerical
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Fig. 1 Three types of flows where the transition between RR and MR
is observed.

simulations where, unlike wind-tunnel experiments, there are no
freestream disturbances, the transition to MR occurs at the incident
shock wave angle « equal to the so-called detachment angle oy, and
the back transition, at & equal to the von Neumann angle oy .

The angles «; and «y are the theoretical criteria deduced from
the analysis of shock wave reflection using pressure-deflection
diagrams.” Regular reflection (RR) is theoretically impossible above
oy, whereas MR is not possible below oy . At high Mach numbers,
these two angles bound an interval of the incident shock wave an-
gles, the dual solution domain (Fig. 2), where both RR and MR
can exist. Numerical experiments give clear evidence that the tran-
sition to MR occurs when, on an increase of the angle, the upper
boundary of the domain is crossed, and the reverse transition is ob-
served when, on a decrease of the angle «, the lower boundary is

44 ,

42 + 4
Mach reflection (MR)
40 s Oy 4

38 F B
Dual solution domain
36 B
(RR + MR)
34 B

Regular \
32+ |

reflection (RR) \\(X
N
30 + o |

28 L L L I I L L

Fig. 2 Theoretical transition criteria; incident shock wave angles as
function of Mach number.

reached. Thus, two different types of reflection can be obtained at
the same angle within the dual solution domain, and the change
in the shock wave configuration is accompanied by a hysteresis
phenomenon.

Note that the situation with wind-tunnel observation of hysteresis
is more complicated, given the influence of freestream disturbances,
which are inevitably present in any experimental facility. Neverthe-
less, it is possible to obtain experimental values of the transition
angles quite close to theoretical ones by the use of a low-noise wind
tunnel ®

The shock wave reflection transition is also a salient feature in
supersonic imperfectly expanded jets. The variation of the pressure
ratio between the jet and ambient space changes the incidence an-
gle of either the nozzle-lip shock (for overexpanded jets) or the
barrel shock (for underexpanded jets). It can be assumed that the
hysteresis phenomenon should also occur in such flows. The sim-
plest geometrical configuration for this case is shown in Fig. 1c. For
nozzles operating under highly overexpanded flow conditions, the
shock generated at the edge of the nozzle is so strong that a RR from
the centerline is not possible, and MR occurs. In Fig. 1c, where a
typical MR is shown, a triple point appears somewhere along the
straight IS. An RS and an MS, which is a strong shock, are initiated
from the triple point along with an SS, which indicates the entropy
discontinuity. Here, in contrast to an axisymmetric jet and a planar
underexpanded jet, both the IS and the JB (before its interaction
with the RS) are straight. Hence, direct comparisons with the the-
oretical criteria are possible. Experimental schlieren photographs’
showing the evolution of the shock waves as a function of the reser-
voir/ambient pressure ratio P,/ P, are given in Fig. 3, where both
RR and MR are observed.

Note that there is some experimental'®!! and numerical'? evi-
dence of the hysteresis phenomena in underexpanded axisymmetric
jets. However, it is difficult to say if such investigations refer to the
same type of hysteresis as in the case of planar jets.

The goal of the present paper is to investigate numerically the
shock wave reflection transition in planar overexpanded jets to es-
tablish definitively whether the transition is accompanied by the
hysteresis. First, the Euler simulations are carried out with a high-
order weighted essentially nonoscillatory (WENO) scheme. Then,
a second-order total variation diminishing (TVD) scheme is used
to conduct Navier—Stokes computations with the k—¢ turbulence
model. It allows us to investigate a more realistic case of a high
Reynolds number turbulent jet and to try to elucidate the impact of
viscosity and turbulence on the shock wave reflection transition.

This paper is organized as follows: In the following section, the
compressible Favre-averaged Navier-Stokes equations are briefly
presented with the turbulence model that has been utilized. The
numerical techniques are also given in this section. Results of both
inviscid and turbulent computations are presented and discussed in
the next section, leading to the conclusions given at the end.
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a)

Theoretical Formulation, Turbulence
Modeling, and Numerics

Governing Equations

Let f denote a common, Reynolds-averaged, value of a quantity
f: whereas f is a mass-averaged (Favre) value, f=pf/p; and
f" = f — f.Then, the Favre-averaged Navier—Stokes equations for
a compressible turbulent fluid flow can be written as follows:
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The tensor 7;; is a sum of viscous and turbulent stresses
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and the turbulent heat flux is
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The set of flow equations is closed by the use of the perfect gas law
to relate pressure to density and internal energy

P=(y - Dpe=(y - i [E~ L +uju)]  ©)

where y is the specific heat ratio, taken as 1.4.
The molecular dynamic viscosity is expressed as a function of
temperature by the Sutherland law

i [T 1+1104/T
mo \ To 1+1104/T

where Ty =273.15 K and po=1.711 - 107> kg/(m - s), € is the in-
ternal energy, and E is the total energy per unit mass.

In Euler simulations, 7;; and g ; are put to zero. In turbulent compu-
tations, the two-equation k—¢ model is used to evaluate the turbulent
viscosity i, via the turbulent kinetic energy k and dissipation €. De-
tails of the turbulence model used are given in the next subsection.

Turbulence Modeling

The k—¢ model is the most widely known and extensively used
two-equation eddy viscosity model. It was originally developed to
improve the mixing-length model and to avoid the algebraic descrip-

b)
Fig. 3 Experimental schlieren photographs showing a) RR for P,/P, =3.84 and b) MR for P,/P, = 3.54; photographs from Ref. 9.

tion of the turbulent length scale in complex flows.'? Different ver-
sions of this model can be found in the literature.'* The model gives
reasonably good results for free shear layer flows. For wall-bounded
flows, the model provides good agreement with experimental results
for zero and low mean pressure gradients, but is less accurate for
high adverse pressure gradients.'*

When turbulent freejet flows are computed, the use of the stan-
dard k—e model is an appropriate way to predict correctly the mean
and the turbulent flow parameters. However, for high-speed flows,
it is important to include compressible dissipation and pressure-
dilatation effects in the two-equation turbulence models as suggested
by Sarkar,'® Sarkar et al.,'® and Vandromme.!”

In this study, we used an improved version of the k—¢ turbulence

model to account for compressibility effects.!>!6:13

Turbulence energy transport equation:
D(p k) 0 He ) 9k
;Dl‘ 0x j O 0x Jj
Transport Diffusion

+ Pk - /3 (Ss + gc) + P”dﬂ (7)
—— —— ~—~—
Production Destruction Pressure dilatation

where k is the turbulent kinetic energy per unit mass, defined as

"on n2 n2 n2 7 v
k= %ui u; = %["‘1 +u, 4u; ],and &, and p"d” represent the con-

tributions due to compressible dissipation and pressure dilatation,
respectively.
Energy dissipation transport equation:

D(pe) 9 M 385 & _e;
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in which the turbulent viscosity is expressed as
e =Cup(k*/e)

and P, =—pu; u;(dii;/9x;) is the exact turbulent kinetic energy
production. Here, —,éui./u;f is the Reynolds stress, defined as follows:
g du; du; 2 du 2
— U= o —_— — = 0;i — ——5[-»](
puitt; “’(axj o3 j3x1) 3 %f
The model constants are given by C,=0.09, C, =1.44,
Cpp=1.92,0,=1.0, Pr=0.72, Pr,=0.9, and 0, = 1.3.
Based on direct numerical simulation of isotropic turbulence and
homogeneous shear flows, Sarkar et al.!® proposed the following
model for pressure dilatation:

p'd = —ayp P M} + a3 p g, M}
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Here, M, = \/k/c is the turbulent Mach number and c is the speed
of sound.

The dissipation rate of turbulent kinetic energy contains two
parts, the solenoidal (incompressible) and dilatational (compress-
ible) parts, ¢, and ¢, respectively,

e=¢& + &

where &, is computed from the incompressible form of ¢ [Eq. (8)]
and ¢, is assumed to be a function of &, and the turbulent Mach
number M,:

g =0 Mf &

Sarkar'® recommends that «; =0.5, ot = 0.4, and a3 =0.2.

Numerical Techniques and Boundary Conditions

A fifth-order finite difference WENO scheme!® was used to solve
Euler equations. The WENO schemes are very appropriate for the
problem under consideration because they have the property of ro-
bust shock capturing and provide high accuracy in the regions where
the solution is smooth. The global Lax—Friedrichs splitting was ap-
plied when the numerical fluxes were calculated, and the third-order
TVD Runge—Kutta scheme was used to advance the solution in time.

In turbulent computations, the governing equations for the mean
flow and turbulence quantities were integrated with an explicit
second-order finite volume scheme. For the convective terms, the up-
wind TVD scheme of Harten?® with van Leer’s limiter was used, and
central-difference methods were employed for the diffusion terms of
the momentum, energy, and turbulence equations. A second-order
Runge—Kutta scheme was used for the time marching.

Numerical simulations with turbulence modeling are rather time
consuming. The average computational time for each simulation
was approximately 30 h CPU (global time) with 10 processors
on a parallel computer (ORIGIN 2000). In all of the simulations,
the Courant-Friedrichs-Lewy (CFL) number was fixed at 0.8. The

freestream conditions were
M, >0, P,=101322Pa, T,=300K

Low freestream values (nearly zero) of the turbulent kinetic energy k
and the dissipation rate ¢ were fixed near the freestream at rest. These

values were kept constant for all of the simulations. For turbulent
free-shear flows, the k — e model showed no sensitivity to freestream
turbulence.?!

The boundary conditions are of different types. Because of the
symmetry nature of the problem, only one-half of the jet is com-
puted. Symmetry boundary conditions are applied along the axis of
symmetry. Nonreflective boundary conditions with a fixed value of
the static pressure?” are used along the outer boundary correspond-
ing to the external freestream. A part of the inlet of the computational
domain coincides with the jet inlet, where uniform flow is assumed
to exit from an idealized nozzle. At a very high Reynolds number,
the boundary layer developing at the nozzle wall is very thin, and
its influence on the mean core of the jet is very weak; therefore, uni-
form supersonic boundary conditions at M;, =5 can be prescribed
at the nozzle exit. The rest of the inlet boundary is assumed to be
a solid wall. For the turbulence transport equations, either zeroth-
order extrapolation or freestream values are used for k and ¢ along
the outer boundaries. If the flow is outgoing along the outer bound-
ary, zeroth-order extrapolation is used. If there is flow entrainment,
then freestream values are imposed along the outer boundaries. At
the inflow, the nondimensional turbulent kinetic energy is defined
as K* = \/k/Uje: 2%, where Ui is the velocity of the jet. Once
k is known, ¢ is obtained with the production-equals-dissipation
hypothesis.

The size of the computational domain is L, =2 & in the stream-
wise direction and L, = in the cross-streamwise direction, where
h is the nozzle width. In inviscid simulations, the grid cell size is
such that 100 cells are located across the nozzle half-width /2/2. The
turbulent computations employ 500 x 250 equally spaced points.
Grid-independent results are obtained by the use of this mesh; the
height of the Mach stem is used as a criterion for obtaining a grid-
independent solution for M, =5 and o =42 deg.

Results and Discussion

Inviscid Simulations

Shock-shock interaction is primarily an inviscid phenomenon,
and the attempt to reproduce these interactions on the basis of the
Euler equations seems to be natural. Results of inviscid simulations
are given in Fig. 4, where the computed flowfields are presented

c)

Fig. 4 Numerical schlieren pictures of overexpanded jet flow at Mje; =5: a) a =41 deg, b) o =39 deg, ¢) o =33 deg, d) a =31 deg, e) a =33 deg, and

f) =39 deg.
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as numerical schlieren images. This technique of visualization, pro-
posed by Quirk,? portrays the absolute value of the density gradient
with a nonlinear scale amplifying small gradients. The intensity of
gray color is proportional to the quantity

( 1Vl = IV lmin )
exp| K —————

|Vp|max - |vp|min
where the minimum and maximum are calculated over all flowfields
and K is a tunable parameter. (K = 15 in the present paper.) Numeri-
cal schlieren images display very clearly gasdynamic discontinuities
and, simultaneously, expose even weak density nonuniformities.

The computations were started for the jet/ambient pressure ratio
Pjt/ P, corresponding to the incident shock angle o« =41 deg. It is
noticeably higher than the detachment angle, whichis oy = 39.3 deg.
Consequently, only MR is possible in this case. The ambient con-
ditions in the entire computational domain were taken as the initial
flowfield for this computation. After the complex transient process
of startup of the jet flow, the flow began evolving to the steady state,
and a converged solution was finally achieved (Fig. 4a). In each
subsequent computation, the convergent flowfield of the preceding
computation was used as initial data. The variation of jet pressure
imposed as a boundary condition on the nozzle exit corresponded
to a 2-deg change in the nozzle-lip shock angle. The MR was pre-
served when increasing P, until the value o« = 31 deg was reached
(Figs. 4c and 4d). This is in good agreement with the theoretically
predicted von Neumann angle oy =30.8 deg. In numerical sim-
ulation, an earlier transition to regular reflection can be expected
because it is impossible to resolve a very small MS whose height is
comparable to the grid-cell size.

Afterward, the pressure ratio was decreased. The reflection re-
mained regular over all of the dual solution domain, and the transi-
tion to MR occurred when the angle of incidence was changed from
39 to 41 deg (Figs. 4f and 4a). It again agrees with the theoretical
detachment angle. Thus, an evident hysteresis phenomenon was ob-
served: Within the dual solution domain, both regular and MR can
be obtained, depending on the initial conditions of the computation.
This hysteresis is very similar to that observed earlier in numerical
simulations of the flow around two symmetrical wedges and the
flow in a converging channel.

The computed flowfields show substantially different shock wave
structures for RR and MR at the same value of P,/ P,. (Compare
Figs. 4b and 4f.) In Fig. 5, the pressure distributions along the cen-
terline for these two shock wave configurations are compared. Note
that the pressure rise behind the reflection point of the nozzle-lip
shock is significantly higher in the case of RR. It is in accordance
with shock-polar analysis (Fig. 6), where the points RR and MR
correspond to the states behind two incident and reflected oblique

P/Pa
- regular reflection
? —#— Mach reflection
5.0 &
9 §
g g
4.0 <w\ [:3
[ 3 &0
[0} (0]
3.0 8 c
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™
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é
[0}
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Fig. 5 Pressure distributions along the centerline for regular and
Mach reflection at o =39 deg.
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Fig. 6 Deflection angle: pressure diagram for o = 39 deg.
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Fig. 7 Dependence of nondimensional Mach stem height s/ on the
incident shock angle.

shock waves and behind the normal MS, respectively. In the case of
RR, the jet boundary is strongly curved, and intensive compression
waves are focused to the centerline, causing a secondary increase in
pressure in addition to the primary peak at the reflection point. For
MR, however, the only strong pressure rise is observed immediately
behind the MS. Farther downstream, the pressure decreases as the
flow accelerates again to supersonic velocities and later oscillates
in a periodical system of compression and rarefaction waves within
the jet core bounded by two SS emanating from the triple points.

Important quantities for practical applications are the position of
the MS and its size. Therefore, several semi-analytical models were
developed to predict these quantities for overexpanded jets.>*2> Ac-
tually, the MS height is determined by the interaction between the
EF and the SS originated from the triple point. The EF, which is
generated as a result of the interaction of the RS wave with the
JB, bends the SS, so that a virtual nozzle is formed. The relations
between quantities in the entrance plane of the virtual nozzle (coin-
ciding with the MS) and its throat, where the flow is sonic, control
the position and the size of the MS. This mechanism, responsible
for the existence of the steady MR configuration, is essentially the
same as that clearly described in Ref. 26 for the case of reflection
of a wedge-generated shock wave.

The Mach normalized stem heights, s/ i, deduced from numerical
results are presented in Fig. 7. Note a nonlinear behavior of s at
angles close to ay. It seems that the extrapolation of the curve
should give a more accurate value for the angle of transition to
regular reflection of about 32 deg. Also, a more accurate estimation
of the transition angles will be made in the next section with the
data from Navier—Stokes simulations.
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a=33 deg

a=33 deg
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a=39 deg

a=40 deg
Fig. 8 Hysteresis phenomenon during the transition between regular and Mach configurations in a supersonic overexpanded turbulent jet; Mach

number contours for Mje; =5 and for different values of c.

Turbulent Computations

A series of turbulent jet computations at M, =5 were carried
out for a set of pressure ratios corresponding to incident shock wave
angles o ranging from 31 to 42 deg, which covers the whole dual
solution domain.

Figure 8 shows the evolution of the jet structure when the
jet/ambient pressure ratio P/ P, is increased and decreased. The
computation was started from the case where only RR is possible
(¢ =31 deg). After convergence, the pressure ratio was progres-
sively decreased, step by step, down to a sudden transition to MR
observed at @ =39.7 deg. This angle is very close to the theoreti-
cal value of @ =39.3 deg obtained with the detachment criterion.
The back transition was observed when the shock wave angle was
changed from o =32 to 31 deg. Note that, for o =32 deg, we still
have MR with a small visible MS (Fig. 9). This angle slightly ex-
ceeds the value of @ =30.9 deg theoretically predicted by the von
Neumann criterion.

The dependence of the normalized MS heights, s/ k, on the inci-
dent shock wave angle, « for Mj,; =5 is showninFig. 7. The hystere-
sis effect on increasing and decreasing the jet/ambient pressure ratio
is evident. Note that the MS heights measured in the Navier—Stokes
and Euler simulation are surprisingly close to each other.

Fig. 9 Numerical calculation of the Mach number contours of Mach
reflection wave configuration for Mje; =5 and o =32 deg; note the exis-
tence of a small visible Mach stem with a normalized size of s/h ~ 0.015.

The normalized turbulent kinetic energy, k/ Ujit, flowfield is
shown in Fig. 10 for both RR and MR configurations. For both
cases, there is no turbulence in the central part of the jet (potential
core). Turbulence production occurs essentially in the high-shear
regions of the jet with additional compressibility effects. How-
ever, the jet-core near field is characterized by a predominantly
inviscid shock-cell structure, where both turbulent and viscous ef-
fects are negligible. Because neither production nor amplification of
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Fig. 10 Turbulent Kinetic energy flowfield normalized by the square of centerline jet velocity Uje in the case of a) regular reflection at o =31 deg

and b) Mach reflection at o =42 deg.

subsonic pocket

subsonic pocket

sonic line

Fig. 11 Detailed numerical results for the flow Mach number contours of the turbulent jet and for three different values of the incident shock wave

angle « at the beginning of the transition RR — MR.

Fig. 12 Kelvin—-Helmholtz instability along the slip surface emanating
from the triple point at the transient process when changing the value
of o from 35 to 33 deg (numerical schlieren image).

turbulence across shocks occur in this region, the contribution of
Eqgs. (7) and (8) to the total energy budget is nearly zero.

A detailed analysis of the flowfield during the RR — MR transi-
tion reveals the existence of a subsonic pocket downstream of the RS
when o« approaches the value of 39 deg. This phenomenon is shown
in Fig. 11 for different values of . Each photograph corresponds to
a steady-state solution. In fact, when « is close to 39 deg, a subsonic
pocket occurs just at the interaction between the RS and the JB. The
size of this pocket grows progressively toward the jet symmetry line
when « is increased and contaminates locally the flow downstream
of the RS. The transition to MR occurs when the downstream RS
flow becomes entirely subsonic.

Figure 12 illustrates a high-shear layer instability corresponding
to the Kelvin—Helmholtz vortices emanating from the triple point.
These vortices have a short lifetime and act essentially during the
transient process. They completely disappear when the steady-state
solution is reached. The possible influence of these vortices on the
transition between RR and MR or on the stability of either Mach or
regular configurations has yet to be studied and understood.

Finally, the possibility of experimental confirmation of the hys-
teresis phenomenon as described earlier is addressed. As is known,’
the observation of the hysteresis for the two-wedge flow depends
strongly on the level of disturbances in the wind tunnel used. A high
level of disturbances can lead to an earlier transition to MR and even
to a complete absence of the hysteresis phenomenon. It is difficult
to predict a priori whether the overexpanded freejet is a more or less
noisy flow and, consequently, more or less suitable for experiments
on the hysteresis at the shock wave reflection transition. An addi-
tional problem can be that, at high Mach numbers, the nozzle-lip
shock is rather strong and can induce a boundary-layer separation
inside the nozzle that should destroy the gasdynamic scheme con-
sidered in this paper.

Conclusions

The shock wave reflection transition in an overexpanded super-
sonic jet at the Mach number M, =5 has been numerically simu-
lated. First, the Euler computations show that the transition from RR
to MR and the back transition occur in agreement with the theoret-
ical detachment and the von Neumann criteria, respectively. Thus,
the dependence of the shock reflection type on initial conditions and
the hysteresis phenomenon have been observed.

Furthermore, numerical investigations of the transition between
RR and MR in steady turbulent overexpanded jets have been per-
formed with the two-equation k—¢ model modified to account for
compressibility effects. Very good agreement of the computational
results with the theoretical criteria of transitions, as well as with
the results of the inviscid simulations has been found. Turbulence
production was concentrated within the jet boundary layer and did
not affect the jet-core flow substantially. As a result, the hysteresis
effect was also observed when the jet/ambient pressure ratio was
increased and decreased. The numerical study reveals that, when
the jet pressure ratio is sufficiently low, subsonic conditions appear
downstream of the RS for the RR configuration. To better under-
stand this phenomenon, which probably triggers the transition from
RR to MR, further analytical and numerical studies for solution of
the problem of interaction between the RS and the JB should be
undertaken. Also, further investigations should consider the effect
on the shock wave configuration of the nozzle boundary layer and
its possible separation.
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